A new mathematical model is introduced for the study of the domain of words. We do it by means of the introduction of a suitable balanced quasi-metric on the set of all words over an alphabet. It will be shown that this construction has better quasi-metric and topological properties than several classical constructions. We also prove a fixed point theorem which allows us to develop an application for the study of probabilistic divide and conquer algorithms.
Introduction
It is well known that the classical Baire metric (or Baire distance) provides an efficient tool to obtain denotational models for programming languages [1] [2] [3] . It is also applied, for instance, to study the representation of real numbers by means of regular languages [4] and in modellingBaire quasi-pseudo-metrics. An application of our approach to the analysis of probabilistic divide and conquer algorithms via techniques of fixed point is also given.
Our basic references for quasi-pseudo-metric spaces are [13] and [14] and for topology is [15] .
Let us recall that a quasi-pseudo-metric on a set X is a non-negative real valued function d on X × X such that for all x, y, z ∈ X:
y).
By a quasi-metric on X we mean a quasi-pseudo-metric d on X that satisfies the following condition: A quasi-(pseudo-)metric space is a pair (X, d) such that X is a (non-empty) set and d is a quasi-(pseudo-)metric on X.
Each quasi-pseudo-metric d on X generates a topology τ d on X which has as a base the family of open d-balls {B d (x, r) : x ∈ X, r > 0}, where B d (x, r) = {y ∈ X : d(x, y) < r} for all x ∈ X and r > 0.
Observe
The Baire balanced quasi-metric on the domain of words
Let be a non-empty alphabet. Denote by F the set of finite sequences ('finite words') over and by ∞ the set of finite and infinite sequences over . We assume that the empty sequence ∅ is an element of F . Denote by the prefix order on ∞ , i.e. x y ⇔ x is a prefix of y. If x y with x = y we write x y.
For each x, y ∈ ∞ we define x y as the longest common prefix of x and y, and for each x ∈ ∞ we denote by (x) the length of x. Then (x) ∈ [1, ∞] whenever x = ∅ and (∅) = 0.
Remark 1
If (x n ) n∈N is a strictly increasing sequence in ∞ with respect to , i.e. x n x n+1 for all n ∈ N, we shall denote by k x k the unique element in ∞ such that x n ( k x k ) = x n for all n ∈ N. Note that, in this case, x n ∈ F for all n ∈ N and ( k x k ) = lim n→∞ (x n ) = ∞.
Let us recall that the Baire metric (or Baire distance) on ∞ is the metric d B defined by
(We adopt the convention that 2 −∞ = 0.) Smyth [9] introduced the following quasi-pseudo-metric modification of the Baire metric.
Then d is a T 0 quasi-pseudo-metric on ∞ and (d ) s is the Baire metric on ∞ . Observe that condition d (x, y) = 0 can be used to distinguish between the case that x is a prefix of y and the remaining cases for x, y ∈ ∞ . Other T 0 quasi-pseudo-metric variants of the Baire metric, with applications, may be found in [7, 8, 11, 16, 17] , etc. However, it is well known and easy to see that both d and these quasipseudo-metrics do not generate Hausdorff (in fact, not even T 1 ) topologies. Next we construct a new quasi-metric on ∞ which possesses several interesting properties. In particular, the generated topology will be Hausdorff and completely regular. Furthermore, the information given by condition d (x, y) = 0 is also preserved by our approach.
Doitchinov [18] introduced the notion of a balanced quasi-metric space in order to obtain a consistent theory of quasi-metric completion that preserves complete regularity.
Recall that a quasi-metric d on a set X is balanced provided that whenever (x n ) n∈N and (y n ) n∈N are sequences in X and x, y are points in
Each balanced quasi-metric space is Hausdorff and completely regular [18] . 
Then, the following statements hold: (z, y) . Assume then that q b (x, z) < 1 and q b (z, y) < 1. Thus x z and z y, so x y. Hence
We have shown that q b is a quasi-metric on ∞ .
In order to prove that q b is balanced, let (x n ) n∈N and (y n ) n∈N be sequences in ∞ , and x, y points in ∞ such that q b (x, x n ) ≤ r 1 for all n ∈ N, q b (y m , y) ≤ r 2 for all m ∈ N, and lim n,m→∞ q b (y m , x n ) = 0. We wish to show that q b (x, y) ≤ r 1 + r 2 . If r 1 = 1 or r 2 = 1, obviously q b (x, y) ≤ r 1 + r 2 . Then, we suppose that r 1 < 1 and r 2 < 1. Thus x x n for all n ∈ N, and y m y for all m ∈ N.
We shall distinguish two cases:
In case (i), from the fact that x x n , it follows that x = x n for all n ∈ N. 
we deduce that
which provides a contradiction. Consequently, there is m 0 ≥ n 0 with (x) ≤ (y m 0 ); but x x m 0 and y m 0 x m 0 , so we deduce that x y m 0 , and hence
We conclude that the quasi-metric q b is balanced.
(2) Let (x n ) n∈N be a sequence in ∞ and x ∈ ∞ such that lim n→∞ q b (x n , x) = 0. If x ∈ F , then x n = x eventually. If (x) = ∞, then there is n 0 ∈ N such that
If (x n ) n∈N is a strictly increasing sequence in ∞ with respect to , then x n x n+1 for all n ∈ N, and k x k the unique element in ∞ such that x n ( k x k ) = x n for all n ∈ N. Hence x n ∈ F for all n ∈ N and ( k x k ) = lim n→∞ (x n ) = ∞ (see Remark 1). Therefore
for all n ∈ N, and thus, lim n→∞ q b (x n , x) = 0. (3) provides an appropriate computational interpretation of the fact that each infinite word (totally defined object) can be expressed as the supremum of a strictly increasing sequence of finite words (partially defined objects) and it captures the notion of the amount of information defined by such a sequence. This fact can be mathematically modelled in the realm of right K-sequentially complete quasi-metric spaces as we show in the following.
Let us recall [19] , that a sequence (x n ) n∈N in a quasi-metric space (X, d) is right K-Cauchy if for each ε > 0 there is n 0 ∈ N such that d(x m , x n ) < ε whenever m ≥ n ≥ n 0 . The quasimetric space (X, d) is said to be right K-sequentially complete if every right K-Cauchy sequence is convergent with respect to τ d .
We point out that right K-sequential completeness provides an efficient tool for the study of function spaces and hyperspaces for quasi-metric spaces (see, for instance, section 9 of [14] ).
THEOREM 2 The quasi-metric space
. Assume without loss of generality that this sequence is strictly increasing with respect to . It then follows from
A fixed point theorem on (
∞ , (q b ) −1 ) with application to the complexity analysis of algorithms
In this section we obtain a fixed point theorem for certain self-maps on the balanced right K-sequentially complete quasi-metric space ( ∞ , (q b ) −1 ). We apply such a result to deduce that for several recurrence equations based on the recursive structure of probabilistic divide and conquer algorithm [20] , the associated functionals have a unique fixed point which is the solution for the corresponding recurrence equation. However, in the case that our self-map f satisfies the condition that f x is not a prefix of fy, f cannot be a contraction on ∞ because q b (x, y) = 1 whenever x is not a prefix of y. For this reason we will establish our result only assuming that the self-map satisfies a contraction property on the orbit of a point of ∞ , which will be sufficient for our purposes in this context. Actually, we will prove a more general result in the framework of Hausdorff right K-sequentially complete quasi-metric spaces.
If (X, d) is a quasi-metric space we say that a self-map f : X → X is continuous if it is continuous from (X, τ d ) to (X, τ d ) .
THEOREM 3 Let (X, d) be a Hausdorff right K-sequentially complete quasi-metric space and let f : X → X be a continuous self-map. If there are x 0 ∈ X and k ∈ (0, 1) such that
Proof By our contraction condition, for each n ∈ N we obtain
By the triangle inequality it easily follows that for each m, n ∈ N, When discussing the analysis of probabilistic divide and conquer algorithms by means of recurrences, the following general recurrence equation is obtained (see, for instance, section 4 of [20] ):
for n ≥ 2, where T (1) ≥ 0, p(n) > 0, and q(n, k) > 0 is proportional to the splitting probabilities that express the changes that a task of size n involve a subtask of size k < n.
